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Abstract 

Some cosmological consequences of including the adequate conserved quantities 
in the density matrix of the electroweak theory are investigated. Several arguments 
against including the charges associated to the spontaneously broken symmetry are 
presented. Special attention is focused on the phenomenon of M^-boson conden- 
sation and its interplay with the phase transition for the symmetry restoration is 
considered. The emerging cosmological implications, such as on the baryon and 
lepton number densities, are of interest. 
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After the suggestion made by Kirzhnitz and Linde |IJ about the mechanism of sym- 
metry restoration by temperature, electroweak phase transitions became a subject of 
continuous interest (see, e.g. ||). Among other reasons, this interest has increased in 
the past few years after the observation that nonperturbative processes (mediated by 
sphalerons) are relevant to the problem of the baryon asymmetry of the Universe @. [|. 

In this letter we address some specific features which are essential in the formulation 
of the basic statistical theory underlying the thermodynamics of the standard electroweak 
model, in which the notions of gauge invariance, spontaneously broken symmetries and 
Higgs mechanism play a basic role. We shall consider the consequences of including the 
adequate conserved charges, together with the Hamiltonian, in the density matrix. When 
studying the electroweak phase transitions the canonical ensemble is the one usually used. 
The latter, however, restricts the domain of physical applications, especially as one would 
like to incorporate the baryon asymmetry of the Universe and the equilibrium among 
electrically charged particles. In some previous papers 0, |J, it has been pointed out 
that the grand canonical ensemble must be used. Moreover, as emphasized in Jf] , the 
conserved quantities to be included must be essentially the electric charge and the lepton 
and baryon numbers. Thus, the weak neutral charge associated with the spontaneously 
broken symmetry must be excluded. 

Here we would like to discuss the above-mentioned points in connection with a new 
phase transition which arises when these charges are included, namely the iy-vector boson 
condensation (which for high temperatures occurs at very low lepton densities) [§, |7| and 
its interplay with the phase transition of symmetry restoration, which according to the 
recent results || is of first order if the perturbative expansion is taken beyond the one-loop 
approximation. 

The basic idea in came out from the analogy between the Weinberg-Salam La- 
grangian and the Ginzburg-Landau free energy for superconductivity which is regarded 
as a condensate of Cooper pairs. In the electroweak case, the role of the superconductor 
ground state is played by the vacuum whose symmetry has been spontaneously broken. 
This breaking of the symmetry is then understood in a hot Universe as a consequence of 
a phase transition by cooling below some critical temperature T c . 

One could be tempted to interprete the asymmetric vacuum of electroweak theory as a 
weak-neut rally charged condensate of scalar particles. However, this picture is not correct 
once it mixes the concepts of statistics (many-particle systems) with those of quantum 
field theory. By relativistic invariance we must require that for the vacuum P^O) = 0, i.e. 
the four-momentum vector must have zero eigenvalue. Obviously, a condensate of scalar 
particles would violate this condition. 

In a correct interpretation, however, the vacuum is asymmetric at any temperature 
and the symmetry breakdown is characterized by some parameter £ = a, which is the 
minimum of an effective potential in quantum field theory. By heating , the effective 
field amplitude (related to the nonzero vacuum charge, see below) is decreased to the 
value £ 2 (T) = a 2 — aT 2 due to screening, entropy-increasing processes, coming from 
the temperature quantum loop corrections . At the critical temperature T c we obtain 
£ 2 (T) = as the solution corresponding to a minimum of the effective temperature- 
dependent potential. However, this minimum should not be understood as a new vacuum, 
but as a symmetric ground state of a many-particle system. 
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Two problems closely related to the above are the questions about the infrared stability 
of the system (if long-range weak forces appear after the symmetry restoration) and the 
conservation of the weak neutral charge Q N . (Both were considered in |lj and the second 
one, mentioned in 0). If the neutrality of the system with respect to the weak neutral 
charge, i.e. (Q N ) = 0, can be defined at all, then it would be reasonable to require it only 
in the symmetric phase in order to prevent long-range repulsive forces from making the 
system unstable. This argument apparently becomes weakened if some small infrared mass 
of order g 2 T appears fp70| . Thus it is usually accepted that (Q N ) is a conserved quantity 



only for T > T c . One should understand this conservation in a statistical and not quantum 
mechanical sense, which means that Tr(pQ N ) = Tr(ip[H,Q N }) = /(£(T),T) vanishes for 
T > T c , without the requirement [H, Q N ] = 0. However, this conservation does not 
occur below T c and moreover Q N becomes in quantum field theory an ill-defined operator 
IT, [Tj|. Indeed, according to Coleman's theorem [13] a charge operator Q annihilates 



the vacuum, i.e. Q\0) = 0, is conserved, [H, Q] = 0. However, a charge associated with a 
spontaneously broken symmetry like Q N does not annihilate the vacuum, Q N \0) ^ f!2 |. 
As a consequence, the operator Q N has many odd features: one cannot construct states 
of definite charge number and even define the properties of conjugation and composition 



law . Furthermore, it has been stated that such an operator is non-Hermitean []TT| and 
for finite energy conditions, even non-conserved at the classical level ||12|| . The above 
arguments forbid the inclusion of Q N into the density matrix via a chemical potential. 
This can be understood also from the facts that such a charge does not lead to irreducible 
representations of states with definite charge number in specific Hilbert spaces once it 



mixes representations [12], and also that it forbids superselection rules. 



A fundamental quantum-statistical statement is that equilibrium states satisfy the so- 
called Kubo-Martin-Schwinger (KMS) condition |TJ], |15[, which requires that the density 
matrix p as well as H' — H — Y^i faNi have a discrete spectrum. The KMS condition 
is obtained from the time translations of any operator A given by e tH t Ae~ lH t , with the 
transformation which involves the chemical potentials being a U(l) gauge transforma- 
tion. The introduction of Q N would lead to non-unitary implementable transformations 
invalidating the KMS condition. 

The above arguments, applied to the grand canonical ensemble for the electroweak 
model, imply that only those charges that belong to the center of the unbroken part 
of the SU(2)l x U(l) group satisfy the KMS condition and thus can have a chemical 
potential ||15|| . In other words, only baryon and lepton numbers as well as electric charge 
can be included in the density matrix via their corresponding chemical potentials. It 
could be argued that in the case of electric charge, the chemical potential added to the 
fourth component of the charged gauge field can be gauged away. However, since there 
is only an analogy and not an equivalence between quantum statistics and quantum field 
theory via the Bloch equation and the Matsubara formalism, this chemical potential is to 
be understood at most as the analog of a constant background field, not subject to gauge 
transformations (see e.g. [[Uj) . 

We should emphasize that if one does what one should not do, and includes a chemical 
potential p^ corresponding to the spontaneously broken weak neutral charge, then one 
arrives at drastic changes in the consequences of the electroweak theory applications in 
cosmology ]7|]. In particular, if such a chemical potential is introduced |T7| , one obtains 
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a relation between the critical temperature for the symmetry restoration and the lepton 
density, which in turn relates the latter to the photon density. This then leads to the 
prediction that the lepton density is by several orders of magnitude larger than the baryon 



density, a belief which has been accepted starting from the work by Linde |T/j| . According 
to our arguments such a chemical potential should not be included and then one does not 
necessarily obtain the large abundance of lepton over baryon densities. A preference for 



the latter situation has been advertised 181 from different considerations and revisited 



cosmo logical models. In fact, as we shall see below, a lepton density of the same order of 
magnitude as the baryon density will emerge from the results of the present letter. 

Taking into account the previous arguments, let us turn now our attention to the 



problem of V^-boson condensation, first pointed out by Linde |19j for zero temperature 
but at finite densities. In we have discussed the general formalism to be used in order 
to obtain the thermodynamic quantities. The effective potential V(^), essentially off-shell, 
is adequate for the discussion of the symmetry restoration phase transition, whereas for 
obtaining the charge densities = —dQ/dfii, the thermodynamic potential Q = V(^(T)) 
should be used. In 0,0 the phase diagram for P^-boson condensation was obtained 
assuming that the symmetry restoration phase transition was second order. As mentioned 
above, it has been argued that such transition can become first order if high-order terms 
in the loop expansion are included. Therefore, it would be of interest to investigate also 
the consequences of including such terms in the problem of IV-condensation. Recently, 
the effective potential of the standard model was obtained beyond the one-loop when 
perturbative expansions include ring diagrams |2IJ. The problem of the coefficient of the 
term linear in the temperature in the one-loop approximation is cured by temperature- 
dependent radiative corrections and this term essentially decides the nature of the phase 
transition to be a first order one. 

The conditions for condensation are obtained from the infrared poles of the (gauge- 
dependent) VT-boson Green function 

lim DetD~l(k A — i/J,w, k, M w ) = , (1) 

where nw is the chemical potential associated with the electric charge, M w is the W- 
boson mass, D~l = Dq^ u + IT^ ; D~^ v is the free propagator and is the polarization 
operator. Eq. (1) leads to different conditions for the condensation of transverse and 



longitudinal modes, the latter acquiring some extra mass due to the Debye screening |20 
We have then 

tiv = M 2 W) ^ w = M 2 w + g 2 T 2 ^ + ^j , (2) 

where g = e/ sm8\y is the SU(2) coupling constant and rif is the number of fermion 
generations. For simplicity we shall consider in what follows only one generation of leptons 
and quarks, i.e. n/ = 1. As both equations cannot be satisfied simultaneously, we 
conclude that the condensation of the transverse modes is to be expected, which leads to 
the solutions fiw — ±Mjy. Which one of them will be realized depends on the sign of the 
background charge. 
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In the one-loop approximation considered in |7|], we found equal masses for longi- 
tudinal and tranverse modes, which was interpreted as a consequence of the rotational 
invariance. However, the Debye mass for the longitudinal modes appears already in the 
QED plasma without destroying the rotational invariance. Instead of transverse and lon- 
gitudinal modes, it would be better to speak of magnetic and electric modes respectively, 
the tensor structure of the both preserving the rotational invariance. The condensation 
of the electrically charged transverse modes has also an interesting analogy with what 
happens in the QED plasma. If we consider a very hot photon gas in equilibrium with 
a neutral electron-positron background, we encounter the property that electric fields are 
screened by the Debye term, but that it can exist in equilibrium in the presence of a 
constant magnetic field; this is determined by the infrared behavior of the photon Green 
function. We can understand then the external magnetic field as a sort of condensate of 
transverse photons. However, in our present case it is the charge and not the field which 
condensates. 

In what follows we take the critical temperature for ly-boson condensation (of the 
order of 100 GeV) to be above the confinement temperature (of the order of 100 MeV), 
a situation which is guaranteed when the lepton density is sufficiently high (for a lower 
bound estimate of the latter one can use Eq. (7)). 

The asymptotic equilibrium equations for electric charge, lepton and baryon number 
conservation read as follows: 

on 2 1 

--N u + -N d + N e + N w = , 



dfj, w 3 3 



dy<2 
dVt 



N e + N u = e, (3) 



N u + N d 



d/J, 4 

where fi2 and /14 correspond to lepton and baryon number conservation respectively and 
are introduced into the density matrix as factors multiplying the corresponding conserved 
Noether charges. In (3), N i: i = u,d, e, W, u, denote the net number density of the corre- 
sponding particles minus their antiparticles. 
Asymptotically we have for fermions 

N fL = N fR =^-, (4) 

while for W-bosons 




From the interaction vertices we also have in the equilibrium the following relations: 

fi e = Hw + ^2 , l^u— — 2/Xl^/3 + yU4 , fid = + fi 4 • (6) 

By solving Eqs. (3) and taking the condition of condensation for the transverse modes 
as fiw = —M w = —g^{T)/2 (i.e. taking the jiw = —M w solution in order to obtain 
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the situation i — b/A > 0), we obtain finally the critical curve for the condensation of 
transverse modes 

^-^ = -|^T 2 = |,n(T), (7) 

where the expression for £ (T) is obtained from the minimum of the effective potential. If 
the phase transition is of second order, £(T) decreases smoothly with increasing temper- 
ature, and the phase diagram has qualitatively the same form as the one obtained in 0. 
The more interesting case results when the nature of the phase transition is first order . 
Then in the process of cooling £(T) jumps abruptly from zero to a positive value with the 
formation of bubbles inside which £(T) ^ 0. The phase diagram is depicted in Fig. 1. 

We must point out here that the condensation of 1^-bosons partially diminishes the 
m 3 T term needed for the first order phase transition to take place. This is due to the 
fact that the lU-bosons contribute to the effective potential with a term of the form 
(Myy — /i^) 3 / 2 T/(67r), which vanishes if the condensation arises. We believe, however, 
that the contributions of the longitudinal and Higgs modes are enough to keep the linear 
in T term necessary for a first order phase transition. 

Now if we assume that the effective density £ — 6/4 in (7) is large enough to preserve 
the condensate after the symmetry breaking, it is easy to understand that the relative 
abundance of isotopic components of leptons and quarks are strongly changed by the 
phase transition. Indeed, we have the chemical equilibrium equations 



fJ>u - = V-v - He = ~fJ>W = M W ■ (8) 

According to Eqs. (8), in the symmetric phase [Mw — 0) there exists equal relative 
abundance of u and d quarks, as well as of electrons and neutrinos. After the breaking 
of the symmetry, the W^-boson condensation which is induced by the lepton density leads 
to a displacement of the equilibrium with a resulting average excess of u over d quarks. 
This could favour the formation of an excess of protons over neutrons with the cooling 
of the Universe below the confinement critical temperature (which corresponds to the 
present state of the Universe), if the processes which dominate at lower temperatures, 
such as nucleosynthesis, do not totally erase this asymmetry. We notice that identical to 
(8) equations are separately valid for other lepton and quark generations and thus similar 
conclusions can be drawn for them as well. 

There might also exist a connection between the PU-boson condensation mechanism 
and a partial understanding of the baryon asymmetry of the Universe, first treated by 



Sakharov in his pioneer work |21j using a microscopic as well as a thermodynamic ap- 
proach. In the broken phase, according to Eqs. (3) and (4), one would have \i u + \i& = 
3b/T 2 . With the occurrence of W-condensation, according to Eq. (8) one could expect 
a value of order My/T 2 /3 for b, leading to an enhancement of the baryon number den- 
sity. We would like to mention that similarly, from Eqs. (3) and (4), it follows that the 
lepton number density i is also expected to have a value of the same order of magnitude 
as the baryon number density b, in contrast to the result I 3> b obtained in |T7 



m an 



equivalent way if the spontaneously broken weak neutral charge would have been taken 
into account as a conserved quantity. The equality, in the order of magnitude, of £ and b 
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has been argued for [18] from entirely different cosmological considerations. We thus con- 
sider that the phenomenon of H^-boson condensation may have interesting cosmological 
implications. 
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Figure captions 

Fig. 1 Phase diagram for the high temperature VT-condensation in the case of first-order 
phase transition. 
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